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As is well documented in several, already classical, textbooks of commutative algebra, the Noethe-
rian hypothesis provides a good theory of adically Hausdorff complete algebras and modules. For
example, if A is a Noetherian ring Hausdorff complete with respect to the I-adic topology deﬁned
by an ideal I ⊆ A, then any ﬁnitely generated A-module M is I-adically Hausdorff complete, with all
submodules being closed with respect to the I-adic topology. Another example is the so-called ‘local
criterion of ﬂatness’ (cf. Section 2.2 below), which asserts that A/Ik+1-ﬂatness of M/Ik+1M for all
k 0 suﬃces for M to be A-ﬂat. It is also well understood that, at the basis of these nice properties,
the Artin–Rees lemma stands as one of the most important technical underpinnings.
On the other hand, recent experience in rigid geometry gives rise to demands for a more general
theory of adically topologized algebras and modules, in which one may start with weaker hypotheses
than ‘Noetherian’, but maintaining a majority of the nice properties, such as those mentioned above.
Especially demanding is the framework in which ﬁniteness assumptions imposed only on ‘outside I ’,
such as ‘Noetherian outside I ’, suﬃce to recover most of the desired properties.
Thus motivated, this paper ﬁrst tries to abstract ‘primary conditions’ on adically topologized rings
and modules, from which one is able to deduce many good properties, and then to investigate the
relations among them. We will discuss three such conditions: the condition (BT) (Section 4), which
requires boundedness of the I-torsion part (where I ⊆ A is a ﬁnitely generated ideal of deﬁnition) of
ﬁnitely generated modules, the condition (AP) (Section 3), weaker than, but playing virtually the same
role as, the Artin–Rees property, and Noetherian outside I (4.2.1), that is, Spec A \ V (I) is Noetherian.
As will be shown in Section 4.2, there are several useful interrelations between these conditions: for
example, under the hypothesis of ‘Noetherian outside I ’, the conditions (BT) and (AP) are equivalent
to each other. Based on these preparations, we introduce in Section 4.3 a new notion, the so-called
pseudo-adhesive rings, which we propose as the ﬁrst good class of adically topologized rings: a ring A
with the adic topology deﬁned by a ﬁnitely generated ideal I ⊆ A is said to be pseudo-adhesive if it
is Noetherian outside I and satisﬁes (BT).
Signiﬁcantly, as we will see in Section 5.1, if A is I-adically Hausdorff complete, then ‘Noetherian
outside I ’ implies (BT) (hence also (AP)), and hence suﬃces for A to be pseudo-adhesive. The adic
rings of this sort are quite nice in many ways; for example, they satisfy the properties listed above in
the Noetherian context. Based on these facts, we will further develop the notion, leading to topolog-
ically universally rigid-Noetherian rings (or t.u. rigid-Noetherian rings) discussed in Section 6, which are
expected to constitute a good class of adic rings for many applications in formal and rigid geome-
tries. In Section 7, moreover, we will introduce a further enhanced series of notions of topological
algebras, the so-called adhesive rings and topologically universally adhesive rings (or t.u. adhesive rings).
The nice ‘add-ons’ of rings of these kinds lie in their homological-algebraic aspects; for instance, if
A is t.u. adhesive and I-torsion free, then any ﬁnitely presented algebra over a topologically ﬁnitely
presented A-algebra is a coherent ring (7.2.2). One can convince oneself of the feasibility of t.u. adhe-
siveness, especially in rigid geometry, by the following fact, which we will prove in Section 7.3: any
valuation ring V Hausdorff complete with respect to the a-adic topology for an a ∈ mV \ {0} is t.u.
adhesive. In Section 7.4, we will discuss a further generalization of this fact; a particular implication
of the results in this subsection is the following one, which is useful for investigating stalks of van-
ishing cycle complexes: let A be a ﬁnite type algebra over an a-adically separated valuation ring V
(for a ∈ mV \ {0}), then the strict henselization of a localization of A (at a prime ideal) is a-adically
universally adhesive.
The ﬁnal Section 8 gives a few counter-examples arising from the arguments in the earlier sections.
The ﬁrst concept of this paper grew out of the ﬁrst and third author’s collaboration in their book
project on foundations of rigid geometry. The three-author collaboration started in September 2008,
when the ﬁrst and third authors visited IHES. Several of the statements and proofs presented in this
paper came out at this occasion; in this connection, we would like to mention that, among numerous
contributions, the following statements and proofs, as well as the counter-examples in Section 8, are
due to the second author: Theorem 5.1.2, Proposition 5.2.1, Theorem 7.3.2, and Theorem 7.4.1.
We thank the referee for careful reading and the valuable comments.
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• All rings considered in this paper are assumed to be commutative with unit, and all ring homo-
morphisms are assumed to map the unit element to the unit element.
• For a local ring R , the unique maximal ideal is denoted by mR .
• For a ring A, we denote by Frac(A) the total ring of fractions, that is, the localization of A by the
multiplicative subset of all non-zero-divisors.
• In this paper, completeness for topological groups means the one deﬁned as in [1, Chap. III, §3.3];
notice that, in particular, ‘complete’ does not imply ‘separated’. As usual, ‘complete and separated’
will be meant by ‘Hausdorff complete’.
• Let A be a ring, and M an A-module. By an adic topology on M , we always mean a linear topology
induced from the I-adic ﬁltration {InM}n0 by an ideal I ⊆ A; notice that, here, we do not assume
that M is complete, nor separated (in particular, we do not adopt the EGA terminology ‘preadic’
(cf. [7, 0, §7])).
• However, by an adic ring, we always mean a ring A endowed with a Hausdorff complete I-adic
topology.
2. Preliminaries
2.1. Hausdorff completion
Let us ﬁrst recall some basic notions and facts on linear topologies and Hausdorff completions.
Let A be a ring, and M an A-module. By an A-linear topology on M we mean an additive group
topology such that a fundamental system of open neighborhoods of 0 is given by a descending ﬁl-
tration by A-submodules {F λ}λ∈Λ indexed by a directed set Λ (F λ ⊇ Fμ whenever λ  μ). In this
situation, for any a ∈ A, the selfmap x → ax on M is easily seen to be continuous. The Hausdorff
completion of M with respect to this topology is given by
M∧F = lim←−
λ∈Λ
M/F λ,
which is naturally endowed with an A-linear topology given by { F̂ λ}λ∈Λ deﬁned by
F̂ λ = ker(M∧F −→ M/F λ).
Notice that, for each λ ∈ Λ, F̂ λ is isomorphic to the Hausdorff completion lim←−μλ F λ/Fμ , and it
furthermore coincides with the closure of the image of F λ by the natural map M → M∧F .
If the natural map M → M∧F is bijective (resp. injective), then M is said to be Hausdorff complete
(resp. separated) with respect to the linear topology in question. Note that M is separated if and only
if the subset {0} is closed, that is, ⋂λ∈Λ F λ = 0.
Given an ideal I ⊆ A, one can deﬁne an A-linear topology on M , called the I-adic topology, by
the ﬁltration {InM}n0. The ideal I in this situation is sometimes called an ideal of deﬁnition. An-
other choice of an ideal may lead to the same topology. Indeed, if J ⊆ A is another ideal such that
In ⊆ Jm ⊆ I for some m,n > 0, then the I-adic topology and the J -adic topology coincide with each
other.
It is well known that, if the ideal I is ﬁnitely generated, then the Hausdorff completion of M
with respect to the I-adic topology (denoted brieﬂy by M∧I ) is I-adically Hausdorff complete (that is,
Hausdorff complete with respect to the I-adic topology); in case M is ﬁnitely generated, this follows
from, e.g., [2, Chap. III, §2.11], and in general, we consider the ring A˜ = A ⊕ M with M · M = 0
and observe that the I A˜-adic Hausdorff completion of A˜ coincides with the direct sum of the I-adic
Hausdorff completion of A and the I-adic Hausdorff completion of M . In this situation, InM∧I is closed
in M∧I , and we have
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I
for n 0. As usual, the I-adic Hausdorff completion of M will be often denoted more brieﬂy by M̂ .
Let A be a ring with an A-linear topology induced from a descending ﬁltration {F λ}λ∈Λ by ideals.
In this situation, an ideal J ⊆ A is said to be topologically nilpotent if, for any λ ∈ Λ, there exists n 0
such that Jn ⊆ F λ .
Lemma 2.1.1. Let A be a ring linearly topologized by a descending ﬁltration {F λ}λ∈Λ by ideals, and suppose it
is Hausdorff complete. Let I ⊆ A be a topologically nilpotent ideal. Then A is I-adically Hausdorff complete if
either one of the following conditions is satisﬁed:
(a) In are closed in A for all n 0;
(b) I is ﬁnitely generated.
Proof. (a) By the hypothesis, we have In =⋂λ∈Λ(In + F λ) for all n 0. Take, for any λ ∈ Λ, an integer
Nλ  0 such that In ⊆ F λ for n Nλ . Then we calculate (up to canonical isomorphisms)
lim←−
n0
A/In = lim←−
n0
lim←−
λ∈Λ
A/
(
In + F λ)= lim←−
n,λ
A/
(
In + F λ).
Now the last double limit can be replaced with the one taken over the coﬁnal subset {(n, λ) | n Nλ}
in the set of all pairs (n, λ) of indices, and hence is equal to lim←−λ A/F
λ = A.
(b) Clearly, A is I-adically separated. Let {xn}n0 be a sequence in A such that, for nm, we have
xn ≡ xm mod In . Since {xn}n0 is a Cauchy sequence with respect to the topology deﬁned by {F λ}λ∈Λ ,
it has the unique limit x ∈ A. We want to show that x is also the limit of {xn} with respect to the I-
adic topology. Set I = (a1, . . . ,ar), and let k 1 be an arbitrary ﬁxed positive integer. Let ξ1, . . . , ξs be
the monomials in ai ’s of degree k. Then, inductively, one ﬁnds s elements yl, j ∈ A (l 0, j = 1, . . . , s)
such that
• xk+l − xk =∑sj=1 yl, jξ j ;
• yl, j ≡ yl′, j mod Il for l′  l and j = 1, . . . , s.
Since, for each j, yl, j converges in A to an element, say y j , we have x − xk =∑sj=1 y jξ j , which
belongs to Ik , as desired. 
Notice that the lemma in the case (a) is nothing but the one contained in [7, 0, (7.2.4)], which
gives a correction of the faulty statement (see the counter-example below) [6, 0I , (7.2.4)] in the IHES
version of EGA.
Example 2.1.2. Consider the polynomial ring K [X1, X2, X3, . . .] on countably many indeterminates, and
the maximal ideal m = (X1, X2, X3, . . .) generated by all the indeterminates. Consider the Hausdorff
completion A of this ring with respect to the m-adic topology. The ring A is obviously Hausdorff
complete with respect to the topology T deﬁned by the ﬁltration {m̂n}n0, where m̂n = ker(A →
K [X1, X2, X3, . . .]/mn); moreover, each m̂n is an ideal of deﬁnition of A [6, 0, (7.1.2)], since (m̂n)m ⊆
m̂nm . Now, the ideal mA is contained in m̂, but the ring A is not mA-adically complete. Indeed the
inﬁnite sum X1 + X22 + X33 + · · · =
∑∞
i=1 Xii does not converge in the mA-adic topology, because if it
did the limit of the partial sums would be the T limit which is not in mA.
2.2. Local criterion of ﬂatness
Let A be a ring with the I-adic topology deﬁned by a ﬁnitely generated ideal I ⊆ A, and M an
A-module. We write, for each integer k  0, Ak = A/Ik+1 and Mk = M/Ik+1M . In this situation, the
so-called local criterion of ﬂatness is the statement that correlates the following conditions:
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(b) TorA1 (N,M) = 0 for any A0-module N;
(c) M0 is A0-ﬂat, and TorA1 (A0,M) = 0;
(d) Mk is Ak-ﬂat for all k 0.
A well-known version of the local criterion of ﬂatness is contained in [2, Chap. III, §5.2, Theorem 1].
A slightly careful look at the proof in [2, Chap. III, §5.3] gives us the following more ‘ﬂexible’ version
of the theorem:
Proposition 2.2.1 (Local criterion of ﬂatness; general version). Let A be a ring, I ⊆ A a ﬁnitely generated ideal,
and M an A-module. Then the above conditions (a), (b), (c) and (d) are equivalent to each other if the following
two conditions are satisﬁed:
(i) the subspace topology on any ﬁnitely generated ideal a ⊆ A induced from the I-adic topology on A is
I-adic; that is, for any n > 0, there exists m > 0 such that Im ∩ a ⊆ Ina;
(ii) for any ﬁnitely generated ideal a ⊆ A, the A-module a ⊗A M is I-adically separated.
In general, let us say that a ring A with an I-adic topology (for an ideal I ⊆ A, not necessarily
ﬁnitely generated) is I-adically Zariskian if 1 + I ⊆ A× holds, or equivalently, I is contained in the
Jacobson radical of A. Notice that, if A is I-adically Hausdorff complete, then it is in particular I-
adically Zariskian.
Corollary 2.2.2. Let A, I , and M be as in 2.2.1We suppose that the conditions (i) and (ii) in 2.2.1 are satisﬁed,
and that A is I-adically Zariskian. Then the following conditions are equivalent:
(a) M is faithfully ﬂat over A;
(b) Mk is faithfully ﬂat over Ak for all k 0.
Proof. The implication (a) ⇒ (b) is clear. Conversely, by 2.2.1, we know that M is A-ﬂat. To show that
M is faithfully ﬂat, it suﬃces to show that, for any maximal ideal m of A, we have M ⊗A (A/m) = 0.
Since A is I-adically Zariskian, we have I ⊆ m. Hence M ⊗A (A/m) = M0 ⊗A0 (A0/m0), where m0 =
m/I . Since M0 is faithfully ﬂat over A0, the last module is non-zero, as desired. 
3. The condition (AP)
3.1. Induced topology on submodules
Let A be a ring, and I ⊆ A a ﬁnitely generated ideal. Given an A-module M , one can always con-
sider the I-adic topology on M , that is, the linear topology given by the ﬁltration {InM}n0. Suppose
we are given an A-submodule N ⊆ M of M . Then one can consider, a priori, two topologies on N;
one is the I-adic topology, and the other one the subspace topology induced from the I-adic topology
on M . In this situation, it will often be an important but highly non-trivial question whether these
two topologies on N coincide with each other. This motivates our interest in the following condi-
tion:
(AP) The following property holds for any ﬁnitely generated A-module M and any A-submodule N ⊆
M: for any integer n > 0, there exists an integer m > 0 such that
N ∩ ImM ⊆ InN
holds.
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topology on N induced from the I-adic topology on M coincides with the I-adic topology on N . For
this reason, the condition gives, so to speak, an adicness-preserving criterion, and whence the acronym.
The ﬁrst important consequence of the condition is the following exactness of I-adic Hausdorff com-
pletion, which follows easily from [2, Chap. III, §2.12, Lemma 2] (and so we omit the proof):
Lemma 3.1.1. Let A be an I-adically topologized ring for a ﬁnitely generated ideal I ⊆ A that veriﬁes the
condition (AP). Then, if L → M → N is an exact sequence of A-modules, where M and N are ﬁnitely generated,
the induced sequence L̂ → M̂ → N̂ obtained by passage to the I-adic Hausdorff completion is again exact. If,
moreover, L → M is injective, then so is L̂ → M̂.
We will consider another condition, stronger than (AP), as follows:
(AR) The following property holds for any ﬁnitely generated A-module M and any A-submodule N ⊆
M: there exists a non-negative integer c such that for all n > c we have
N ∩ InM = In−c(N ∩ IcM).
Clearly, the condition (AR) implies (AP). The condition (AR) is always valid if the ring A is Noethe-
rian; this is nothing but a consequence of the classical Artin–Rees lemma (e.g. [2, Chap. III, §3.1,
Cor. 1]):
Proposition 3.1.2 (Classical Artin–Rees lemma). Let A be a Noetherian ring endowed with an ideal I ⊆ A.
Then A satisﬁes the condition (AR) with respect to I .
Let us remark here that the properties (AP) and (AR) admit faithfully ﬂat descent as follows: for a
faithfully ﬂat map A → B and a ﬁnitely generated ideal I ⊆ A, if the ring B satisﬁes (AP) (resp. (AR))
with respect to I B , then so does A with respect to I .
Finally, we include here the following useful
Lemma 3.1.3. Let A be a ring, and I ⊆ A a ﬁnitely generated ideal. Suppose that the following conditions are
satisﬁed:
(a) the I-adic Hausdorff completion Â satisﬁes (AP);
(b) A → Â is ﬂat.
Then the topological ring A (with the I-adic topology) satisﬁes (AP).
Proof. Set AZar to be the associated Zariskian ring, that is, the localization of A by the multiplicative
set 1 + I . The canonical map A → Â factors through AZar, and since A → Â is ﬂat, AZar → Â is
faithfully ﬂat. It is then easy to see that AZar (together with the I AZar-adic topology) satisﬁes (AP). It
is also easy to see that, if AZar satisﬁes (AP), then so does A itself. 
3.2. Completeness of ﬁnitely generated modules
Proposition 3.2.1. Let A be a ring, and I ⊆ A a ﬁnitely generated ideal. Suppose that A is I-adically Hausdorff
complete, and that A with the I-adic topology satisﬁes (AP). Then any ﬁnitely generated A-module is I-adically
Hausdorff complete.
This proposition follows from the following two lemmas:
Lemma 3.2.2. Let A be a ring, and I ⊆ A a ﬁnitely generated ideal. Suppose that A is I-adically Hausdorff
complete. Then any I-adically separated ﬁnitely generated A-module is I-adically Hausdorff complete. In par-
ticular, any ﬁnitely generated ideal of A is I-adically Hausdorff complete.
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jective; indeed, writing M ∼= A⊕n/K , we have M̂ ∼= A⊕n/K , where K is the closure of K in An . If M is
moreover I-adically separated, then M → M̂ is bijective. 
Lemma 3.2.3. Let A be a ring, and I ⊆ A a ﬁnitely generated ideal. Suppose that A is I-adically Zariskian, and
satisﬁes (AP). Then any ﬁnitely generated A-module M is I-adically separated, that is,
⋂
n0 I
nM = 0.
Proof. For x ∈⋂n0 InM , the I-adic topology on the submodule Ax ⊆ M is, due to (AP), the coarsest
one, that is, Ix= Ax. Since A is I-adically Zariskian, this immediately implies x = 0. 
Corollary 3.2.4. Let A be a ring, I ⊆ A a ﬁnitely generated ideal, and M a ﬁnitely generated A-module. Suppose
that A is I-adically Zariskian, and satisﬁes (AP). Then any A-submodule N of M is closed in M with respect
to the I-adic topology, and if M is, moreover, I-adically Hausdorff complete, then N is I-adically Hausdorff
complete.
Proof. An A-submodule N ⊆ M is closed in M if and only if ⋂n0(N + InM) = N . The last condition
is equivalent to
⋂
n0 I
n(M/N) = 0, that is, M/N is I-adically separated. Hence N is closed by 3.2.3.
Then, in view of (AP), it follows from [1, Chap. II, §3.4, Prop. 8] that N is I-adically Hausdorff com-
plete. 
3.3. Local criteria
With the condition (AP), one has the local criterion of ﬂatness (Section 2.2) as follows:
Proposition 3.3.1 (Local criterion of ﬂatness; (AP) version). Let A → B be a ring homomorphism, I ⊆ A a
ﬁnitely generated ideal of A, and M a ﬁnitely generated B-module. Suppose that the topological rings A with
the I-adic topology and B with the I B-adic topology satisfy (AP), and that B is I-adically Zariskian. Then the
premises (i) and (ii) for A, I , and M in 2.2.1 are satisﬁed, and thus the conditions (a), (b), (c) and (d) therein
are equivalent to each other.
Proof. First, the condition (i) is satisﬁed, since the I-adically topologized ring A satisﬁes (AP). To
verify (ii), let a ⊆ A be a ﬁnitely generated ideal, and consider N = a⊗A M . As N is ﬁnitely generated
over B , it is I-adically separated due to 3.2.3. 
It is well known that, in general, if A is an I-adically Hausdorff complete ring for a ﬁnitely gen-
erated ideal I ⊆ A, and if M is an I-adically separated A-module, then M is ﬁnitely generated if and
only if M/IM is ﬁnitely generated; see e.g. [4, Theorem 8.4]. However, the similar statement with
‘ﬁnitely generated’ replaced by ‘ﬁnitely presented’ is not true in general. In this connection, we have
the following fact:
Proposition 3.3.2. Let A be an I-adically Zariskian ring for a ﬁnitely generated ideal I ⊆ A that fulﬁlls the
condition (AP), and M a ﬁnitely generated A-module. Then M is ﬁnitely presented if and only if so are M/InM
for all n > 0.
Proof. Only the ‘if’ part requires the proof. Write M ∼= A⊕m/K . We want to show that K is ﬁnitely
generated. For any n > 0, we have the exact sequence
0−→ K/K ∩ In A⊕m −→ (A/In)⊕m −→ M/InM −→ 0,
which shows that K/K ∩ In A⊕m is ﬁnitely generated (cf. [2, Chap. I, §2.8, Lemma 9]). Since there
exists an n > 0 such that K ∩ In A⊕m ⊆ I K (here we use the condition (AP)), we deduce that K/I K is
ﬁnitely generated.
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we have K/K ′ = I(K/K ′). But since K/K ′ , being an A-submodule of the ﬁnitely generated A-module
A⊕m/K ′ , is I-adically separated due to 3.2.3, we have K = K ′ , that is, K is in fact ﬁnitely generated
as desired. 
3.4. Change of ideals and Hausdorff completeness
Proposition 3.4.1. Let A be a ring, I, J ⊆ A two ﬁnitely generated ideals, and M a ﬁnitely generated A-
module. Suppose that A with the I-adic topology satisﬁes the condition (AP). Then the (I + J )-adic Hausdorff
completion of M coincides up to canonical isomorphism with the J -adic Hausdorff completion of the I-adic
Hausdorff completion of M.
Proof. As in Section 2.1, let us denote by M∧I the I-adic Hausdorff completion of M . To investigate its
J -adic Hausdorff completion, denoted by (M∧I )∧J , we ﬁrst look at the exact sequence
0−→ JnM −→ M −→ M/ JnM −→ 0
for each n 0. By 3.1.1, we have the exact sequence
0−→ ( JnM)∧I −→ M∧I −→ (M/ JnM)∧I −→ 0
of the I-adic Hausdorff completions.
Claim.We have ( JnM)∧I = JnM∧I for any n 0.
Assuming the claim, one can show the proposition as follows: the exact sequence
0−→ JnM∧I −→ M∧I −→
(
M/ JnM
)∧
I −→ 0,
shows that the J -adic Hausdorff completion of M∧I coincides with the projective limit
lim←−n0(M/ J
nM)∧I ; but then we calculate
lim←−
n0
(
M/ JnM
)∧
I = lim←−
n0
lim←−
m0
(
M/ JnM
)
/Im
(
M/ JnM
)
= lim←−
n,m0
M/
(
JnM + ImM),
where the last projective limit coincides with the (I + J )-adic Hausdorff completion of M , as desired.
Now let us show the claim. If Jn = (a1, . . . ,at), we get a surjection M⊕t  JnM . Note that I-adic
completion preserves surjectivity by 3.1.1 or [4, 8.1, (ii)], whence the claim. 
Let A be a ring, and I, J ⊆ A (not necessarily ﬁnitely generated) ideals. We have already seen
in 2.1.1 that, if A is (I + J )-adically Hausdorff complete, then A is I-adically Hausdorff complete un-
der some additional conditions (e.g. I is ﬁnitely generated). Conversely, it is true that, if a ring A is
I-adically complete and J -adically complete, then A is (I+ J )-adically complete; indeed, since (I+ J )-
adic topology is the topology induced from the ﬁltration {InM + JnM}n0, any Cauchy sequence with
respect to the (I + J )-adic topology can be decomposed into the sum of a Cauchy sequence with
respect to the I-adic topology and a Cauchy sequence with respect to the J -adic topology. However,
‘both I-adically and J -adically Hausdorff complete’ may fail to imply ‘(I + J )-adically Hausdorff com-
plete’; see Section 8.1 below. In connection with this, we have:
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topology satisﬁes (AP). Then, if A is I-adically Hausdorff complete and J -adically Hausdorff complete, then it
is also (I + J )-adically Hausdorff complete.
Proof. By 3.2.4, Jn for all n  0 are closed in A with respect to the I-adic topology. Hence A/ Jn is
I-adically Hausdorff complete. Since A is J -adically Hausdorff complete, we have
A = lim←−
n0
A/ Jn = lim←−
n0
lim←−
m0
(
A/ Jn
)
/Im
(
A/ Jn
)= lim←−
n,m0
A/
(
Jn + Im),
which show that A is (I + J )-adically Hausdorff complete, as desired. 
4. The condition (BT)
4.1. Ideal torsions
Let A be a ring endowed with an adic topology deﬁned by a ﬁnitely generated ideal I ⊆ A, and
M an A-module. An element x ∈ M is said to be a-torsion for a ∈ A if there exists an integer n > 0
such that anx = 0. The subset of all a-torsion elements in M is an A-submodule, which we call the
a-torsion part, and denote by Ma-tor. An element x ∈ M is said to be I-torsion for an ideal I ⊆ A if it is
a-torsion for all a ∈ I . Thus the subset of all I-torsion elements, denoted by MI-tor, which is again an
A-submodule of M , is the intersection of all Ma-tor for a ∈ I; when I = (a1, . . . ,ar), it coincides, as is
easily seen, with the intersection of all ai-torsion parts for i = 1, . . . , r.
We say that M has bounded I-torsion if there exists an integer n > 0 such that InMI-tor = 0. This is
of course equivalent to that, for some n > 0, we have ani x= 0 for all i = 1, . . . , r and all x ∈ MI-tor.
In the sequel, we will be interested in the following condition, the so-called bounded-torsion con-
dition:
(BT) Any ﬁnitely generated A-module has bounded I-torsion.
Notice that, as ﬁnitely generated I-torsion modules are always bounded I-torsion, this condition
is trivially satisﬁed if A is Noetherian. Note also that, like the condition (AP), this condition only
depends on the topology of A, and does not really depend of the choice of the ideal of deﬁnition I .
Similarly to the condition (AP), one has the following fact; the proof is similar to that of 3.1.3:
Lemma 4.1.1. Let A be a ring, and I ⊆ A a ﬁnitely generated ideal. Suppose that the following conditions are
satisﬁed:
(a) the I-adic Hausdorff completion Â satisﬁes (BT);
(b) A → Â is ﬂat.
Then the topological ring A (with the I-adic topology) satisﬁes (BT).
4.2. Interplay between (BT) and (AP)
There are some pleasant interrelations between the conditions (BT) and (AP). To state them, let us
ﬁrst introduce one of the most important notions in the following arguments:
Deﬁnition 4.2.1. Let A be a ring, and I ⊆ A a ﬁnitely generated ideal. We say that A is Noetherian
outside I if the quasi-compact scheme Spec A \ V (I), the open complement of the closed subset cor-
responding to the ideal I , is Noetherian.
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(1) The condition (AP) implies (BT).
(2) The converse holds in either of the following cases:
(a) I is principal;
(b) A is Noetherian outside I .
Moreover, in the case (a), (BT) implies (AR) (not only (AP)).
Interestingly, it follows in particular that (AP) in case I is principal is equivalent to (AR), and
consequently, the conditions (BT), (AP), and (AR) are all equivalent to each other.
Before the proof of the theorem, let us present an easy lemma; the proof is left to the reader:
Lemma 4.2.3. Let A be a ring endowed with an adic topology deﬁned by a ﬁnitely generated ideal I ⊆ A.
Then the condition (AP) is equivalent to the following one: for any ﬁnitely generated A-module M and any
A-submodule N ⊆ M such that InN = 0 for some n > 0, there exists m > 0 such that N ∩ ImM = 0.
Let us then ﬁrst prove the ﬁrst assertion of the theorem:
Proof of Theorem 4.2.2(1). Let M be a ﬁnitely generated A-module. For any k 1, set Fk to be the A-
submodule of M consisting of elements annihilated by Ik . Clearly, we have MI-tor =⋃k1 Fk . By 4.2.3,
there exists m > 0 such that F1 ∩ ImM = 0. Then, for km+ 1, we have Ik−1Fk ⊆ F1 ∩ ImM = 0, that
is, we have Fm = Fm+1 = Fm+2 = · · ·. Hence MI-tor = Fm , and is bounded I-torsion. 
The second assertion in the principal ideal case is easily veriﬁed as follows:
Proof of Theorem 4.2.2(2) in the case (a). Set I = (a). Let M be a ﬁnitely generated A-module, and
N ⊆ M be an A-submodule. Take n > 0 such that an(M/N)a-tor = 0. Then we claim that, for any
integer m 0, we have the equality
N ∩ an+mM = am(N ∩ anM).
It is clear that the right-hand side is contained in the left-hand side. Set L = M/N , and denote by ·
the residue class modulo N . For any x = am y in the left-hand side (y ∈ anM), since am y = x = 0, we
have y ∈ anL ∩ La-tor. But one calculates anL ∩ La-tor = anLa-tor = 0, and thus y ∈ N . This means that x
belongs to the right-hand side, and the claim is shown. 
To prove the other assertions of Theorem 4.2.2, we present two preparatory propositions, which
are also interesting in their own right:
Proposition 4.2.4. Let A be a ring, and I = (a1, . . . ,ar) ⊆ A a ﬁnitely generated ideal. Suppose that, for each
i = 1, . . . , r, the topological ring A with the ai-adic topology satisﬁes (BT). Then the topological ring A with
the I-adic topology satisﬁes both (BT) and (AP).
Proposition 4.2.5. Let A be a ring endowed with an adic topology deﬁned by a ﬁnitely generated ideal I ⊆ A.
Suppose that the topological ring A satisﬁes (BT) and that A is Noetherian outside I . Then, for any ﬁnitely
generated subideal J ⊆ I , the topological ring A with the J -adic topology satisﬁes both (BT) and (AP).
Notice that the second part of 4.2.2 in the case (b) follows from the latter proposition.
Proof of Proposition 4.2.4. As the I-torsion part is the intersection of the ai-torsion parts for all
i = 1, . . . , r, it follows immediately that A with the I-adic topology satisﬁes (BT).
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with in (the proof of) 4.2.2(2)(a). To proceed, we set a = a1 and J = (a2, . . . ,ar). Following 4.2.3,
we consider an A-submodule N of a ﬁnitely generated A-module M such that InN = 0. Take s > 0
such that asMa-tor = 0. Since N is a-torsion, we have N ∩ asM = 0. Hence one can regard N as an
A-submodule of M = M/asM . Now observe that the I-adic topology on M coincides with the J -adic
topology. This allows one to apply the induction to conclude that N ∩ ImM = 0 for some m > 0 (here
we again refer to 4.2.3), and that N ∩ ImM = 0, which ﬁnally veriﬁes the condition (AP) for A with
the I-adic topology. 
Proof of Proposition 4.2.5. In view of 4.2.4, we only need to show the following: for any a ∈ I , the
topological ring A with the a-adic topology satisﬁes (BT).
Let M be a ﬁnitely generated A-module. Since Spec A \ V (I) is Noetherian, there exists a ﬁnitely
generated A-submodule N of Ma-tor such that Ma-tor/N is supported on V (I). Now, the a-torsion part
of M/N is Ma-tor/N , which is nothing but the I-torsion part. Hence Ma-tor/N is bounded a-torsion.
Since, on the other hand, N is ﬁnitely generated and hence is bounded a-torsion, we deduce that
Ma-tor is also bounded a-torsion. 
4.3. Pseudo-adhesive rings
It turns out through the discussions in Section 4.2 that adically topologized rings of the following
sort deserve particular attention:
Deﬁnition 4.3.1. A ring A with an adic topology deﬁned by a ﬁnitely generated ideal I ⊆ A is said to
be (I-adically) pseudo-adhesive if it is Noetherian outside I and satisﬁes condition (BT).
It follows from 4.2.5 that a pseudo-adhesive ring also fulﬁlls condition (AP).
If A is I-adically pseudo-adhesive, the polynomial ring A[X] may fail to be I A[X]-adically pseudo-
adhesive; cf. 8.3.5 below. This motivates the following deﬁnition:
Deﬁnition 4.3.2. A ring A with an adic topology deﬁned by a ﬁnitely generated ideal I ⊆ A is said to
be (I-adically) universally pseudo-adhesive if, for any n 0, the polynomial ring A[X1, . . . , Xn] together
with the I A[X1, . . . , Xn]-adic topology is pseudo-adhesive.
Proposition 4.3.3. (1) If A is I-adically pseudo-adhesive (resp. universally pseudo-adhesive), and S ⊆ A is a
multiplicative subset, then the localization S−1A is I S−1A-adically pseudo-adhesive (resp. universally pseudo-
adhesive).
(2) If A is I-adically pseudo-adhesive (resp. universally pseudo-adhesive), and B is J -adically pseudo-
adhesive (resp. universally pseudo-adhesive), then A × B is I × J -adically pseudo-adhesive (resp. universally
pseudo-adhesive).
(3) If A is I-adically pseudo-adhesive (resp. universally pseudo-adhesive), and A → B is quasi-ﬁnite (resp.
of ﬁnite type), then B is I B-adically pseudo-adhesive (resp. universally pseudo-adhesive).
(4) Let A be a ring, and I ⊆ A a ﬁnitely generated ideal. If a faithfully ﬂat A-algebra B is I B-adically
pseudo-adhesive (resp. universally pseudo-adhesive), then A is I-adically pseudo-adhesive (resp. universally
pseudo-adhesive).
It follows from (3) that, A is I-adically universally pseudo-adhesive if and only if any ﬁnite type
A-algebra B is I B-adically universally pseudo-adhesive.
Proof. Here we only indicate key-points of the proof, and leave the details to the reader.
(1) It is easy to see that B = S−1A is Noetherian outside I B . For a ﬁnitely generated B-module N ,
one can always ﬁnd a ﬁnitely generated A-module M such that M ⊗A B ∼= N . Then we have MI-tor ⊗A
B ∼= NIB-tor.
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MA × MB , and we clearly have MI× J-tor = (MA)I-tor × (MB) J-tor.
(3) The assertion for ‘universally pseudo-adhesive’ is clear. The other assertion in case A → B is
ﬁnite can be shown easily. In general, we apply Zariski’s Main Theorem [6, IV, (18.12.13)] to reduce to
this case, using (1), (2), and (4).
(4) For a ﬁnitely generated A-module M , we have (M ⊗A B)I B-tor = MI-tor ⊗A B . 
The following proposition gives one of the most pleasant facts on pseudo-adhesive rings:
Proposition 4.3.4. Let A be a pseudo-adhesive ring for the adic topology deﬁned by a ﬁnitely generated ideal
I ⊆ A.
(1) For any ﬁnitely generated A-module M, the canonical map
M ⊗A Â −→ M̂
is an isomorphism, where ·̂ stands for the I-adic Hausdorff completion.
(2) The canonical ring homomorphism A → Â is ﬂat.
Proof. The assertion (1) in case M is ﬁnitely presented can be shown similarly to the proof of [2,
Chap. III, §3.4, Theorem 3(ii)] with the aid of 4.2.5 and 3.1.1. In general, since A is Noetherian out-
side I , M is, so to speak, ‘ﬁnitely presented outside I ’. Then it is an easy exercise to show that there
exists a surjective morphism N → M from a ﬁnitely presented A-module N whose kernel K is I-
torsion. Since K is bounded I-torsion by our assumption, one readily sees that K ⊗A Â → K̂ (∼= K ) is
bijective. Now we look at the following commutative diagram with exact rows:
0 K̂ N̂ M̂ 0
K ⊗A Â N ⊗A Â M ⊗A Â 0.
Since the ﬁrst two vertical arrows are isomorphisms, so is the other one, which concludes the proof
of (1). The assertion (2) can be shown from (1) and 3.1.1 by the same argument as in the proof of [2,
Chap. III, §3.4, Theorem 3 (iii)]. 
The following proposition is an immediate consequence of 4.2.5 and 3.3.1:
Proposition 4.3.5 (Local criterion of ﬂatness; pseudo-adhesive version). Let A → B be a ring homomorphism,
I ⊆ A a ﬁnitely generated ideal of A, and M a ﬁnitely generated B-module. Suppose that the topological rings
A with the I-adic topology and B with the I B-adic topology are pseudo-adhesive, and that B is I-adically
Zariskian. Then the premises (i) and (ii) for A, I , and M in 2.2.1 are satisﬁed, and thus the conditions (a), (b),
(c) and (d) therein are equivalent to each other.
5. Rigid-Noetherian rings
5.1. Deﬁnition and fundamental theorem
According to the already widespread deﬁnition in [7, 0, §7.1], an adic ring is a topological ring
endowed with a Hausdorff complete adic topology deﬁned by an ideal.
Deﬁnition 5.1.1. An adic ring is said to be rigid-Noetherian if it has a ﬁnitely generated ideal of deﬁni-
tion I ⊆ A and is Noetherian outside I .
K. Fujiwara et al. / Journal of Algebra 332 (2011) 293–321 305Theorem 5.1.2. Rigid-Noetherian rings are pseudo-adhesive.
The theorem asserts that the premises ‘I-adically Hausdorff complete’ and ‘Noetherian outside I ’
are enough to enjoy the property (BT), and hence also (AP) (by 4.2.5). To show the theorem, we need
to prepare a few statements in advance:
Lemma 5.1.3. Let A be an adic ring with a ﬁnitely generated ideal of deﬁnition I ⊆ A, M an I-adically sepa-
rated A-module, and N ⊆ M a ﬁnitely generated A-submodule.
(1) Suppose that the subspace topology on the closure N of N in M coincides with the I-adic topology. Then
N = N.
(2) If the closure N of N is open in M, then so is N.
Proof. (1) Since N is dense in N and IN is open in N , we have N + IN = N . This means that N/IN is
generated by N , and hence is ﬁnitely generated. Since the closed N is I-adically Hausdorff complete,
it follows from [4, Theorem 8.4] that N is ﬁnitely generated. Now, by Nakayama’s lemma, we have
N = N .
(2) If N is open in M , then one has ImM ⊆ N for all suﬃciently large m. In particular, N is I-adic
topology preserving in M . Hence, by (1), we have N = N , which is open. 
Proposition 5.1.4. Let A be an a-adically Hausdorff complete ring (a ∈ A), M an a-adically Hausdorff complete
A-module, and T = Ma-tor the a-torsion part of M. Then the following conditions are equivalent to each other:
(a) T is bounded a-torsion;
(b) T [ 1a ] = 0, where T denotes the closure of T in M with respect to the a-adic topology;
(c) T [ 1a ] is ﬁnitely generated as an A[ 1a ]-module.
Proof. Only the implication (c) ⇒ (a) calls for a proof. Let us ﬁrst claim the following.
Claim 1. M/T is a-torsion free.
If amx ∈ T for m 0 and x ∈ M , then for any n >m, there exists yn ∈ M such that amx− an yn ∈ T .
This implies that x− an−m yn ∈ T for any n >m, that is, x ∈ T , whence the claim.
Since T is ﬁnitely generated outside (a), one has a ﬁnitely generated submodule N of T such that
T /N is a-torsion. In particular, we have N[ 1a ] = T [ 1a ] and
T =
⋃
n0
(
N : an)= ⋃
n0
(
N : an).
Claim 2. There exist integers m,n 0 such that amT ⊆ (N : an).
By Claim 1, the subspace topology on T is a-adic; in particular, T is a-adically Hausdorff complete,
for it is closed in the a-adically Hausdorff complete module M . Now we regard T as a complete metric
space with the metric deﬁned by
d(x, y) =
{
0 (x = y),
cb (x = y, b =max{n | x− y ∈ anT }),
where c is any ﬁxed real number such that 0 < c < 1. By Baire’s category theorem, some (N : an) is
an open submodule of T , whence the claim.
In the following, we ﬁx the integers m,n as in Claim 2.
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For any l  m, we have amT ⊆ (N : an) + alT , which implies that any element x ∈ amT can be
written as x = bl + cl with bl ∈ (N : an) and cl ∈ alT ; in particular, we have bl = x − cl ∈ amT , and
hence (x+ alT ) ∩ (amT ∩ (N : an)) = ∅, which proves the claim.
Claim 4.We have am+nT ⊆ N.
From the obvious inclusion an(amT ∩ (N : an)) ⊆ N , it follows that an(amT ∩ (N : an)) ⊆ N , as
the multiplication by an is a continuous endomorphism of M . By Claim 3, we have an+mT =
an(amT ∩ (N : an)) ⊆ N . This, in particular, shows that N is open in T . By 5.1.3, N is open, and thus
N = N contains am+nT , as desired in the claim.
Now, N ⊆ T ⊆ T + am+n+1T implies that N = N ∩ T + am+n+1T , and thus N = N ∩ T + aN . By
Nakayama’s lemma, one has N = N ∩ T (that is, N ⊆ T ), which implies that N is generated by ﬁnitely
many a-torsion elements of M . Hence there exists an integer c  0 such that acN = 0, and hence
am+n+c T = 0. This shows that T is bounded a-torsion, as desired. 
Proposition 5.1.5. Let A be an a-adically Hausdorff complete ring (a ∈ A), and suppose that A is Noetherian
outside (a). Then any ideal of A is closed.
Proof. Let J ⊆ A be an ideal of A. We ﬁrst assume that J is ﬁnitely generated. By 5.1.4, A/ J has
bounded a-torsion. Then, by an argument similar to that in the proof of 4.2.4, one sees that the
induced topology on J coincides with the a-adic topology. Then by 5.1.3(1), we have J = J , as de-
sired.
In general, we ﬁrst choose a ﬁnitely generated ideal J0 contained in J such that J/ J0 is a-torsion.
Since J0 is closed, A/ J0 is a-adically Hausdorff complete. In particular, by 5.1.4, A/ J0 has bounded a-
torsion. Hence J/ J0 is bounded a-torsion. On the other hand, the a-torsion of A/ J is the image of the
a-torsion of A/ J0, so A/ J has bounded a-torsion, and as before the topology on J/ J0, the subspace
topology induced from A/ J0, is the a-adic topology. Hence, the topology on J/ J0 is discrete.
Now, since A/ J0 is a-adically Hausdorff complete, one sees that A/ J is a-adically Hausdorff com-
plete. Hence, in particular, J is closed in A, as desired. 
Proof of Theorem 5.1.2. In view of 2.1.1 and 4.2.4, we may assume that I is principal, say I = (a), and
only have to verify the condition (BT). Let M be a ﬁnitely generated A-module. We are going to show,
by induction with respect to the number of generators of M , that M has bounded a-torsion.
Suppose ﬁrst that M is generated by a single element. In this case, we may replace M by A/ J for
an ideal J ⊆ A. Since J is closed in A due to 5.1.5, A/ J is a-adically Hausdorff complete, and hence
by 5.1.4, has bounded a-torsion, as desired.
In general, for M = Ax0 + · · · + Axn with n  1, consider N = Ax1 + · · · + Axn . Then, since M/N
and N have bounded a-torsion, one sees easily that M has bounded a-torsion, too. 
5.2. Formal fpqc descent of ‘Noetherian outside I ’
As a corollary of 5.1.2, let us include here a fundamental result on formal fpqc patching principle
for the property ‘Noetherian outside I ’. Recall (cf. [7, (10.12.1)]) that a morphism A → B between
adic rings is said to be adic if, for some (and consequently, for any) ideal of deﬁnition I ⊆ A, I B
is an ideal of deﬁnition of B . We say that an adic morphism A → B is adically ﬂat (resp. adically
faithfully ﬂat) if, for some (and consequently, for any) ideal of deﬁnition I ⊆ A and the induced maps
A/Ik+1 → B/Ik+1B for all k  0 are ﬂat (resp. faithfully ﬂat). Our local criterion of ﬂatness (4.3.5)
and 5.1.2 show that, if A → B is adically ﬂat, if A has a ﬁnitely generated ideal I of deﬁnition, and if
A (resp. B) is Noetherian outside I (resp. I B), then A → B is ﬂat.
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a ﬁnitely generated ideal of deﬁnition I ⊆ A, and that B is Noetherian outside I B. Then:
(1) A is Noetherian outside I;
(2) A → B is faithfully ﬂat.
Proof. To prove (1), we want to show that any ideal J ⊆ A is ﬁnitely generated outside I (that is,
the associated quasi-coherent ideal J˜ on Spec A is of ﬁnite type over Spec A \ V (I)). Considering an
approximation of J by ﬁnitely generated subideals of J , one has a ﬁnitely generated subideal J0 ⊆ J
such that J0B and J B coincide outside I B . This means that J B/ J0B is I-torsion; since the I-torsion
part of B/ J0B is bounded (due to 5.1.2), there exists n > 0 such that In J B ⊆ J0B . Moreover, by
assumption, we have In J A/Ik+1 ⊆ J0A/Ik+1 for all k 0, that is,⋂
k0
(
In J + Ik+1)⊆ ⋂
k0
(
J0 + Ik+1
)= J0 (∗)
(the closure of J0 in A).
We want to show the inclusion In J ⊆ J0, for this implies that J and J0 coincide with each other
outside I . In view of (∗), it suﬃces to show that J0 is closed in A. As J0 is I-adically Hausdorff
complete (3.2.2), it is enough to show that the subspace topology on J0 induced from the I-adic
topology on A is I-adic.
To show this, we ﬁrst use the condition (AP) for B to have that, for any i > 0, there exists m =
m(i) > i such that
J0B ∩ Im(i)B ⊆ I i J0B.
Again by the assumption, we have
J0 ∩ Im(n) ⊆ In J0. (∗∗)
We want to show that the left-hand side is actually contained in In J0. Suppose x is in the left-hand
side. By (∗∗), x is decomposed as
x = z1 + x1
(
z1 ∈ In J0, x1 ∈ Im(n+1)
)
.
As x1 also lies in J0, we again apply (∗∗) to decompose x1 into the sum of z2 ∈ In+1 J0 and x2 ∈
Im(n+2) . One can repeat this procedure to get sequences {zk} and {xk} such that
xk = zk+1 + xk+1
(
zk+1 ∈ In+k J0, xk+1 ∈ Im(n+k+1)
)
.
Hence x is equal to the inﬁnite series
∑
k1 zk , which converges in the I-adically complete I
n J0
(3.2.2). This means that x ∈ In J0, whence proving (1). The assertion (2) then follows from 4.3.5, 5.1.2,
and 2.2.2. 
6. Topologically universally rigid-Noetherian rings
6.1. Restricted formal power series ring
Let A be an adic ring with a ﬁnitely generated ideal of deﬁnition I ⊆ A. The so-called restricted
formal power series ring (on n variables), denoted by
A〈〈X1, . . . , Xn〉〉,
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Hausdorff complete A-module M , we also consider the I-adic Hausdorff completion of M[X1, . . . , Xn],
which we denote by M〈〈X1, . . . , Xn〉〉. By deﬁnition, the module M〈〈X1, . . . , Xn〉〉 consists of all formal
power series of the form f =∑ai1,...,in X i11 · · · Xinn with ai1,...,in ∈ M for any i1, . . . , in  0, such that for
any m 1 there exists N  1 such that ai1,...,in ∈ ImM whenever i1 + · · · + in > N .
Proposition 6.1.1. Let A be an adic ring with a ﬁnitely generated ideal of deﬁnition I ⊆ A, and suppose that A
is Noetherian outside I .
(1) For a ﬁnitely generated A-module M, M is I-adically Hausdorff complete and the canonical map
M ⊗A A〈〈X1, . . . , Xn〉〉 −→ M〈〈X1, . . . , Xn〉〉
is an isomorphism.
(2) The canonical map A → A〈〈X1, . . . , Xn〉〉 is ﬂat.
Proof. First notice that, by 5.1.2, the topological ring A satisﬁes (AP) and (BT). To show (1), we ﬁrst
notice that the Hausdorff-completeness of M is already proved in 4.3.4(1). Let us show the other
assertion in (1). Since M is ﬁnitely presented outside I , one can apply an argument as in the proof
of 4.3.4(1) to reduce to the case where M is ﬁnitely presented. In this situation, we take a presentation
A⊕q → A⊕p → M → 0, (∗)
and let K be the image of A⊕q → A⊕p . Then the subspace topology on K coincides with the I-adic
topology (by the property (AP)), and K is Hausdorff complete (since K is closed and M is I-adically
Hausdorff complete). Hence one has the following exact sequence:
0−→ K 〈〈X1, . . . , Xn〉〉 −→ A〈〈X1, . . . , Xn〉〉⊕p −→ M〈〈X1, . . . , Xn〉〉 −→ 0.
Thus we get an exact sequence
A〈〈X1, . . . , Xn〉〉⊕q −→ A〈〈X1, . . . , Xn〉〉⊕p −→ M〈〈X1, . . . , Xn〉〉 −→ 0. (∗∗)
On the other hand, since A⊕p ⊗A A〈〈X1, . . . , Xn〉〉 ∼= A〈〈X1, . . . , Xn〉〉⊕p , one can show the desired iso-
morphism by comparing the exact sequences (∗∗) and (∗) tensored by A〈〈X1, . . . , Xn〉〉.
The assertion (2) can be shown like 4.3.4(2). 
6.2. Topologically universally rigid-Noetherian rings
Deﬁnition 6.2.1. Let us say that an adic ring A with a ﬁnitely generated ideal of deﬁnition I ⊆ A is
topologically universally rigid-Noetherian (often abbreviated as t.u. rigid-Noetherian) if, for any n 0, the
restricted power series ring A〈〈X1, . . . , Xn〉〉 is Noetherian outside I A〈〈X1, . . . , Xn〉〉.
If A is t.u. rigid-Noetherian, then any topologically ﬁnitely generated A-algebra B (that is, a quo-
tient of an A-algebra of the form A〈〈X1, . . . , Xn〉〉) is automatically I-adically Hausdorff complete (due
to 3.2.4) and Noetherian outside I B . The following theorem is the main assertion of this subsection:
Theorem 6.2.2. Let A be an adic ring with a ﬁnitely generated ideal of deﬁnition I ⊆ A, and suppose that
A is topologically universally rigid-Noetherian. Then, for any n  0, any ﬁnite type algebra over the adic ring
A〈〈X1, . . . , Xn〉〉 satisﬁes (BT) and (AP).
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Lemma 6.2.3 (Gluing of ﬂatness). Let A be a ring, I ⊆ A a ﬁnitely generated ideal, and B an A-algebra. Let M
be a B-module such that the following conditions are satisﬁed:
(a) B and M are ﬂat over A;
(b) M/IM is ﬂat over B/I B, and M˜ (the associated quasi-coherent sheaf on Spec B) is ﬂat over Spec B \
V (I B).
Then M is B-ﬂat.
Proof. In case the ideal I is principal, the assertion follows immediately from [3, 5.2.1]. In general,
in order to apply induction with respect to the number of generators, set I = (a1, . . . ,as,b) and J =
(a1, . . . ,as). Since A = A/bA, B/bB , and M/bM together with the ideal I = J A satisfy the conditions,
we deduce by induction that M/bM is B/bB-ﬂat. Considering next the situation by A, B , M , and
(b) ⊆ A, we conclude that M is B-ﬂat, as desired. 
Proposition 6.2.4. Let A be an adic ring with a ﬁnitely generated ideal of deﬁnition I ⊆ A, and consider the
restricted power series ring A〈〈X〉〉 of one variable. Suppose that A is Noetherian outside I . Then A〈〈X〉〉 is ﬂat
over A[X].
Proof. First, we notice that both A〈〈X〉〉 and A[X] are ﬂat over A (6.1.1(2)). Since A〈〈X〉〉/I A〈〈X〉〉 ∼=
(A/I)[X], in view of 6.2.3, we only need to show the ﬂatness over the points outside I . To this end,
take x ∈ U = Spec A \ V (I), and let R =OU ,x , which is a Noetherian local ring. Then it suﬃces to show
that the map
R[X] −→ A〈〈X〉〉 ⊗A R (∗)
is ﬂat.
Claim. Suppose that the map (∗) is ﬂat outside the maximal ideal mR of R. Then (∗) is ﬂat.
Indeed, again applying 6.2.3 with A replaced by R and the ideal I by mR , we only have to show
that the induced map (∗) ⊗R k is ﬂat, where k is the residue ﬁeld of R . Let p ⊆ A be the prime ideal
corresponding to x. By 6.1.1(1), we have A〈〈X〉〉 ⊗A (A/p) ∼= (A/p)〈〈X〉〉. Hence A〈〈X〉〉 ⊗A k is regarded
as a subring of k[[X]]. Since k[[X]] is torsion free as a k[X]-module, A〈〈X〉〉 ⊗A k is also torsion free.
But, since k[X] is PID, this means that A〈〈X〉〉 ⊗A k is ﬂat over k[X], as desired.
Now we show the ﬂatness of (∗) by induction with respect to dim(R). If dim(R) = 0, then
Spec R \ V (mR) is empty, and thus the premise of the claim is automatically fulﬁlled. Hence the
desired ﬂatness follows.
If dim(R) > 0, by induction with respect to dim(R), the map (∗) with R replaced by Rp for any
non-maximal prime ideal p (that is, the local ring at the point y ∈ U corresponding to p) is ﬂat. In
particular, (∗) is ﬂat outside mR . Hence, again by the claim, we deduce that (∗) is ﬂat. 
Proof of Theorem 6.2.2. Since the properties (BT) and (AP) are clearly handed down on passage to
ﬁnite extensions, we only need to check that a ring of the form A〈〈X1, . . . , Xr〉〉[Y1, . . . , Ys] satisﬁes
(BT) (cf. 4.2.5). We claim that the map
A〈〈X1, . . . , Xr〉〉[Y1, . . . , Ys] −→ A〈〈X1, . . . , Xr, Y1, . . . , Ys〉〉 (†)
is ﬂat. The case s = 1 follows from 6.2.4. In general, this follows by induction with respect to s from
the following factorization:
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−→ A〈〈X1, . . . , Xr, Y1, . . . , Ys〉〉.
Then we apply 5.1.2 and 4.1.1 to deduce the desired result. 
Finally, let us include here the following formal fpqc patching principle for the property ‘t.u. rigid-
Noetherian’:
Proposition 6.2.5. Let A → B be an adic morphism between adic rings, where A has a ﬁnitely generated ideal
of deﬁnition, and suppose that A → B is adically faithfully ﬂat. Then, if B is t.u. rigid-Noetherian, so is A, and
the maps A〈〈X1, . . . , Xn〉〉 → B〈〈X1, . . . , Xn〉〉 for all n 0 are faithfully ﬂat.
Proof. We need to show that, for any n  0, the adic ring A〈〈X1, . . . , Xn〉〉 is Noetherian outside
I A〈〈X1, . . . , Xn〉〉. Since
A〈〈X1, . . . , Xn〉〉/Ik+1A〈〈X1, . . . , Xn〉〉 ∼=
(
A/Ik+1
)[X1, . . . , Xn]
etc. for all k 0, this follows immediately from 5.2.1, and the last assertion as well. 
7. Topologically universally adhesive rings
7.1. Adhesive rings
Deﬁnition 7.1.1. An adically topologized ring A endowed with the adic topology deﬁned by a ﬁnitely
generated ideal I ⊆ A is said to be (I-adically) adhesive if it is Noetherian outside I and satisﬁes the
following condition: for any ﬁnitely generated A-module M, its I-torsion part MI-tor is ﬁnitely generated.
Notice that, since ﬁnitely generated I-torsion modules are bounded I-torsion, adhesive rings are
pseudo-adhesive (4.3.1). Notice also that any Noetherian ring A with an adic topology deﬁned by any
ideal is adhesive. Here are a few other characterizations of adhesiveness:
Proposition 7.1.2. Let A be a ring endowed with an adic topology deﬁned by a ﬁnitely generated ideal I ⊆ A.
Then the following conditions are equivalent:
(a) A is adhesive;
(b) for any ﬁnitely generated A-module M, M/MI-tor is ﬁnitely presented;
(c) for any ﬁnitely generated A-module M, and any A-submodule N of M, the so-called I-saturation
N˜ = {x ∈ M ∣∣ for any a ∈ I there exists n 0 such that anx ∈ N}
of N in M is ﬁnitely generated.
Perhaps the most signiﬁcant is the property (b), which equivalently states that any I-torsion free
ﬁnitely generated A-module is in fact ﬁnitely presented. In particular, if an adhesive A itself is I-
torsion free, then any ﬁnitely generated ideal is ﬁnitely presented, that is, the ring A is coherent [2,
Chap. I, §2, Exercise 12], and hence every ﬁnitely presented A-module is coherent. This of course
provides us an advantageous working situation in the homological algebra of A-modules.
Proof of Proposition 7.1.2. Suppose (b) holds, and let M and N be as in (c). Then the I-saturation N˜
sits in the following exact sequence:
0−→ N˜ −→ M −→ (M/N)/(M/N)I-tor −→ 0.
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show (c) ⇒ (b), it suﬃces to remark the following easy fact: for a ﬁnitely generated A-module
F and a surjective morphism φ : F → M/MI-tor, ker(φ) is I-saturated, that is, coincides with its
I-saturation.
Next, we are to show the equivalence of (a) and (c). Suppose (c) holds. Since MI-tor is I-saturated,
it is ﬁnitely generated. To show that Spec A \ V (I) is a Noetherian scheme, it suﬃces to show that
A[ 1a ] is a Noetherian ring for any a ∈ I . Let J be an ideal of A[ 1a ], and J ′ the pull-back of J by
A → A[ 1a ]. Then J ′ is easily seen to be I-saturated, and we have J ′A[ 1a ] = J . Since J ′ is ﬁnitely
generated, so is J . Conversely, suppose (a) holds. Let N be a submodule of a ﬁnitely generated A-
module M . Since A is Noetherian outside I , we can ﬁnd a ﬁnitely generated submodule N ′ of N such
that N/N ′ is I-torsion. Since we have N˜ ′ = N˜ , we may replace N by N ′ , and hence, may suppose N is
ﬁnitely generated. Then, the exact sequence
0−→ N −→ N˜ −→ (M/N)I-tor −→ 0,
gives that N˜ is ﬁnitely generated. 
Deﬁnition 7.1.3. A ring A with an adic topology deﬁned by a ﬁnitely generated ideal I ⊆ A is said to
be (I-adically) universally adhesive if, for any n  0, the polynomial ring A[X1, . . . , Xn] together with
the I A[X1, . . . , Xn]-adic topology is adhesive.
For example, an a-adically separated valuation ring V (for a ∈ mV \ {0}) is a-adically universally
adhesive (cf. 7.4.1(1)).
The following proposition can be shown similarly to 4.3.3:
Proposition 7.1.4. (1) If A is I-adically adhesive (resp. universally adhesive), and S ⊆ A is a multiplicative
subset, then the localization S−1A is I S−1A-adically adhesive (resp. universally adhesive).
(2) If A is I-adically adhesive (resp. universally adhesive), and B is J -adically adhesive (resp. universally
adhesive), then A × B is I × J -adically adhesive (resp. universally adhesive).
(3) If A is I-adically adhesive (resp. universally adhesive), and A → B is quasi-ﬁnite (resp. of ﬁnite type),
then B is I B-adically adhesive (resp. universally adhesive).
(4) Let A be a ring, and I ⊆ A a ﬁnitely generated ideal. If a faithfully ﬂat A-algebra B is I B-adically
adhesive (resp. universally adhesive), then A is I-adically adhesive (resp. universally adhesive).
It follows from (3) that, A is I-adically universally adhesive if and only if any ﬁnite type A-algebra
B is I B-adically universally adhesive.
Before ﬁnishing this subsection, let us include here the following useful lemma:
Lemma 7.1.5. Let A be a ring endowed with an adic topology deﬁned by a ﬁnitely generated ideal I ⊆ A, and
suppose A is Noetherian outside I . Suppose moreover that the following conditions are satisﬁed:
(a) the I-adic Hausdorff completion Â is adhesive;
(b) A → Â is ﬂat.
Then A is adhesive.
Proof. The lemma is shown by an argument similar to 3.1.3, where we use 7.1.4(4) and the following
easy fact: if the associated Zariskian AZar is adhesive, then so is A. 
7.2. Topologically universally adhesive rings
Deﬁnition 7.2.1. An adic ring with a ﬁnitely generated ideal of deﬁnition I ⊆ A is said to be topolog-
ically universally adhesive, or t.u. adhesive for short, if, for any n  0, the restricted power series ring
A〈〈X1, . . . , Xn〉〉 is universally adhesive.
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that t.u. rigid-Noetherian rings possess, t.u. adhesive rings have the following homological algebraic
advantage:
Proposition 7.2.2. Let A be a t.u. adhesive ring, and I ⊆ A a (ﬁnitely generated) ideal of deﬁnition. Suppose
that A is I-torsion free. Then any ﬁnitely presented algebra over a topologically ﬁnitely presented A-algebra is
a coherent ring.
Proof. Let B be such a ring; since coherence passes to ﬁnite algebras of ﬁnite presentation, we may
assume that B is of the form A〈〈X1, . . . , Xr〉〉[Y1, . . . , Ys], and thus that B is I-torsion free. Since B is
adhesive and I B-torsion free, it is coherent as we have already seen in Section 7.1. 
Corollary 7.2.3. Let A be an I-torsion free t.u. adhesive ring, where I ⊆ A is an ideal of deﬁnition, and B be a
topologically ﬁnitely presented A-algebra. Then the structure sheaf OX on X = Spf B is coherent as a module
over itself.
In order to check that an adic ring A (with a ﬁnitely generated ideal of deﬁnition) is a t.u. adhesive
ring, a priori, one has to show that any A-algebra of the form A〈〈X1, . . . , Xr〉〉[Y1, . . . , Ys] is adhesive,
which is often a diﬃcult task. In this connection, the following theorem is very useful:
Theorem7.2.4. Let A be an adic ring with a ﬁnitely generated ideal of deﬁnition I ⊆ A. Then A is a t.u. adhesive
ring if and only if the restricted power series ring A〈〈X1, . . . , Xn〉〉 for each n 0 is adhesive.
The proof of the theorem can be done as for 6.2.2, where we use 7.1.5 instead of 4.1.1.
Similarly to ‘t.u. rigid-Noetherian’ (6.2.5), we have the formal fpqc patching principle for the prop-
erty ‘t.u. adhesive’:
Proposition 7.2.5. Let A → B be an adic morphism between adic rings, where A has a ﬁnitely generated ideal
of deﬁnition, and suppose that A → B is adically faithfully ﬂat. Then, if B is t.u. adhesive, so is A, and the maps
A〈〈X1, . . . , Xn〉〉 → B〈〈X1, . . . , Xn〉〉 are faithfully ﬂat for all n 0.
Proof. We need to show that, for any n  0, the restricted power series ring A〈〈X1, . . . , Xn〉〉 is
universally adhesive. By 6.2.5, we already know that A is t.u. rigid-Noetherian, and that the map
A〈〈X1, . . . , Xn〉〉 → B〈〈X1, . . . , Xn〉〉 is faithfully ﬂat. Then the claim follows from 7.1.4. 
7.3. Complete valuation rings
It is of course true that any Noetherian adic ring is t.u. adhesive, for any Noetherian ring with an
adic topology is adhesive, and its Hausdorff completion is again Noetherian. Among other examples,
we ﬁrst notice the following.
Let V be a valuation ring, and consider a non-zero element a ∈ mV \ {0} in the maximal ideal. One
considers the a-adic topology on V ; notice that, in a valuation ring, every ﬁnitely generated ideal is
principal.
Proposition 7.3.1. In the situation as above, the following conditions are equivalent:
(a) V is a-adically adhesive;
(b) V is a-adically pseudo-adhesive;
(c) V is a-adically separated;
(d) V [ 1a ] is a ﬁeld (= Frac(V )).
Proof. The implication (a) ⇒ (b) is clear. We show (b) ⇒ (c). Suppose that V is a-adically pseudo-
adhesive, and consider the ideal J =⋂n1(an). Take a ﬁnitely generated subideal J0 ⊆ J such that
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means there exists n  0 such that an J ⊆ J0; but, since we have clearly an J = J , it follows that J
itself is ﬁnitely generated, and hence is principal. Then we easily see that it is actually (0).
To show (c) ⇒ (d), let K = Frac(V ) be the ﬁeld of fractions, and take x ∈ K \ V . We have x−1 ∈ mV .
If x−1 does not divide any power an (n 1), then x−1 must be divisible by all powers of a, and thus
we would have x−1 ∈ J =⋂n1(an) = 0, which is absurd. Hence there exists n 1 such that xan ∈ V ,
that is, x ∈ V [ 1a ], which shows that K = V [ 1a ], as desired.
Finally, we show (d) ⇒ (a). First notice that the condition (d) implies the following: any non-zero
element b ∈ V \ {0} divides some power an (n 1) of a. Hence, for any V -module M , M is torsion free
if and only if it is a-torsion free (that is, Ma-tor = 0). In particular, any a-torsion free ﬁnitely generated
V -module M is V -ﬂat, and hence is a free V -module. 
The following theorem shows that, if V is, moreover, a-adically Hausdorff complete, then it is
actually a t.u. adhesive ring:
Theorem 7.3.2. Let V be a valuation ring of non-zero height, and consider the a-adic topology deﬁned by
a ∈ mV \ {0}. If V is a-adically Hausdorff complete, then it is a t.u. adhesive ring.
To prove the theorem, we use the following proposition, which complements results by Raynaud
and Gruson:
Proposition 7.3.3. Let A be a ring, B = A[X1 . . . Xn] a polynomial ring, and M a ﬁnitely generated B-module.
Assume that M is A-ﬂat. Then M is ﬁnitely presented if and only if so is M ⊗A Ared over B ⊗A Ared .
Proof. Take a ﬁnitely presented B-module N and a surjective map ϕ : N → M such that N ⊗A Ared ∼=
M ⊗A Ared. (For this, write M ∼= Bn/K and take a ﬁnitely generated B-submodule K0 ⊆ K such
that K0 ⊗A Ared = K ⊗A Ared; then N = Bn/K0 → M gives the desired map.) By [5, Première partie,
Théorème (3.4.1)], for any prime ideal p ⊆ B , Mp is ﬁnitely presented over Bp . Hence, if L = ker(ϕ),
Lp is ﬁnitely generated over Bp . Since M is ﬂat over A, we have the exact sequence
0−→ Lp ⊗A Ared −→ Np ⊗A Ared −→ Mp ⊗A Ared −→ 0,
whence Lp ⊗A Ared = 0. But, since Lp is ﬁnitely generated, one applies Nakayama’s lemma to deduce
Lp = 0. Since this holds for any prime ideal p of B , we conclude that ϕ is an isomorphism. 
Lemma 7.3.4. Let A be a ring, a ∈ A, and suppose A is a-adically complete. Let M be a ﬁnitely generated
A-module, and consider an exact sequence
0−→ K −→ A⊕n −→ M −→ 0.
Suppose M is a-torsion free. Then:
(1) the closure K in A⊕n is a-saturated, and is equal to the a-adic Hausdorff completion of K ;
(2) if K/aK is ﬁnitely generated, then K is ﬁnitely generated, and is closed in A⊕n;
(3) if M/aM is ﬁnitely presented, then M is ﬁnitely presented and a-adically Hausdorff complete.
Proof. (1) By an argument similar to that in Claim 1 of the proof of 5.1.4, one sees easily that K
is a-saturated. Since K is a-saturated, we know that K ∩ amA⊕n = amK for any m  0, that is, the
subspace topology on K induced from the a-adic topology on A⊕n is the a-adic topology on K . Hence
the closure K coincides with the a-adic Hausdorff completion of K .
(2) Since K is a-adically separated, by [4, Theorem 8.4], K is ﬁnitely generated. Then, by 3.2.2, K
is a-adically complete, that is, K = K .
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0−→ K/aK −→ (A/aA)⊕n −→ M/aM −→ 0
is exact. Hence K/aK is ﬁnitely generated, and thus K is ﬁnitely generated. Moreover, since K is
closed in A⊕n , M is a-adically Hausdorff complete. 
Remark 7.3.5. From 7.3.4(3), we especially deduce the following: if A is a-adically complete for an
element a ∈ A, then A is a-adically adhesive if and only if, for any a-torsion free ﬁnitely generated
A-module M , M/aM is ﬁnitely presented over A/aA.
Proof of Theorem 7.3.2. In view of 7.2.4, we only need to check that a ring of the form A =
V 〈〈X1, . . . , Xn〉〉 is adhesive. Let M be an a-torsion free ﬁnitely generated A-module; we want to show
that M is ﬁnitely presented. By 7.3.4(3), it suﬃces to show that M/aM is of ﬁnite presentation as an
A/aA-module.
Since M has no a-torsion, it is V -ﬂat, and hence M/aM is (V /aV )-ﬂat. Now, A/aA is the polyno-
mial ring A/aA ∼= (V /aV )[X1, . . . , Xn], and (V /aV )red is a valuation ring (possibly of height 0), since
p = √(a) is a prime ideal. Hence we can apply [5, Première partie, Théorème (3.4.7)] to deduce that
M ⊗V (V /aV )red is of ﬁnite presentation. Then by 7.3.3, we ﬁnally conclude that M/aM is ﬁnitely
presented, as desired. 
Corollary 7.3.6. Let V be an a-adically Hausdorff complete valuation ring of arbitrary positive height. Then any
V -ﬂat topologically of ﬁnite type algebra is topologically ﬁnitely presented, and is a coherent ring. In particular,
if A is such a ring, then the structure sheaf OX of X = Spf A is a coherent module over itself.
7.4. A henselization stable class of adhesive rings
Let V be a valuation ring. We consider the following conditions for a V -algebra A:
(a) the strict henselization of each local ring of A is isomorphic to the strict henselization of an
essentially of ﬁnite type V -algebra;
(b) the image Σ of the set of maximal ideals of A by the map Spec A → Spec V is ﬁnite, and for any
p ∈ Σ , the ﬁber ring A ⊗V Frac(V /p) is Noetherian.
Here, a ring homomorphism A → B is said to be essentially of ﬁnite type (resp. essentially of ﬁnite
presentation) if B is isomorphic to an A-algebra of the form S−1A′ , where A′ is a ﬁnite type (resp.
ﬁnitely presented) A-algebra, and S ⊆ A′ is a multiplicative subset. In what follows, we denote the
strict henselization of a local ring A by Ash.
The goal of this subsection is to prove the following theorem, which generalizes 7.3.2:
Theorem 7.4.1. Let V be a valuation ring, and a ∈ mV \ {0}.
(1) Suppose V is a-adically separated, and let B be an essentially of ﬁnite type algebra over a V -algebra A
satisfying the conditions (a) and (b). Then B is a-adically universally adhesive.
(2) Suppose V is a-adically Hausdorff complete, and let B be an a-adically Hausdorff complete V -algebra
such that B/aB is essentially of ﬁnite type over a V -algebra A satisfying the conditions (a) and (b). Then
B is a-adically t.u. adhesive.
To prove the theorem, we need to show some preparatory results.
Proposition 7.4.2. Let A → B a local and essentially of ﬁnite type morphism between local rings, and M a
ﬁnitely generated Bsh-module. Suppose M is ﬂat over A. Then M is ﬁnitely presented over Bsh .
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ideal generated by mB . Using A′ → Bsh we view M as an A′-module, and it is ﬂat over A′ using that
Bsh ⊗A A′ → Bsh is a localization. So we may assume that A is henselian. Also, writing B as a quotient
of an essentially ﬁnitely presented local A-algebra, one ﬁnds that B can be assumed to be essentially
ﬁnitely presented over A.
Now, write Bsh as a ﬁltered inductive limit of local essentially étale B-algebras (that is, localization
of étale algebras by multiplicative subsets) Bsh = lim−→λ∈Λ Bλ . Set k = A/mA . Since Bsh ⊗A k is the strict
henselization of the Noetherian local ring B ⊗A k, and hence is Noetherian, we can ﬁnd a surjective
map f : M ′ → M from a ﬁnitely presented Bsh-module M ′ such that f ⊗A k is an isomorphism.
Claim 1. There exists a ﬁnitely generated ideal J ⊆ A such that M ′/ JM ′ is A/ J -ﬂat, and for any proper
subideal J ′  J , M ′/ J ′M ′ is not A/ J ′-ﬂat.
There exists λ0 ∈ Λ and a ﬁnitely presented Bλ0 -module M ′λ0 such that M ′ = M ′λ0 ⊗Bλ0 Bsh. Replace
Λ by the coﬁnal subset {λ ∈ Λ | λ λ0}, and M ′λ = M ′λ0 ⊗Bλ0 Bλ for any λ ∈ Λ. We have M ′ = M ′λ ⊗Bλ
Bsh = lim−→λ∈Λ M ′λ . By [5, Première partie, Théorème (4.1.2)], for each λ ∈ Λ, one has a ﬁnitely generated
ideal Jλ ⊆ A such that M ′λ/ JλM ′λ is A/ Jλ-ﬂat, and for any proper subideal J ′  Jλ , M ′λ/ J ′M ′λ is not
A/ J ′-ﬂat. Since each map Bλ → Bμ for λ  μ is faithfully ﬂat, we deduce that the family of ideals
{ Jλ}λ∈Λ is constant. Then J = Jλ (for any λ ∈ Λ) is the desired ideal; indeed, for any proper subideal
J ′ ⊆ J , there exists λ ∈ Λ such that M ′λ/ J ′M ′λ is not A/ J ′-ﬂat, and hence M ′/ J ′M ′ is not A/ J ′-ﬂat.
Claim 2. M ′ is ﬂat over A.
We want to show that the ideal J as above is zero. Suppose J = 0. Then, since J is ﬁnitely
generated, we have mA J  J . Consider the ring R = A/mA J and the ideal I = J R . Since I2 = 0, we
may apply the local criterion of ﬂatness (2.2.1); since M ′ ⊗A R is not ﬂat over R , the ﬁrst row of the
following commutative diagram is not an isomorphism:
(M ′/mAM ′) ⊗k ( J/mA J ) JM ′/mA JM ′
(M/mAM) ⊗k ( J/mA J ) JM/mA JM .
Now, since M is A-ﬂat, the second row of the diagram is an isomorphism; moreover, since M ′ ⊗A k ∼=
M ⊗A k, both vertical arrows are isomorphisms, which is absurd.
Now, to show the proposition, we want to show that the map f : M ′ → M is an isomorphism.
Suppose it is not. Then there exists a non-zero ﬁnitely generated submodule K ⊆ ker( f ), and f is
factored into two surjective maps M ′ → M ′′ = M ′/K → M . Repeating the above arguments for M ′′ ,
one ﬁnds that M ′′ is A-ﬂat. This implies that the exact sequence 0→ K → M ′ → M ′′ → 0 stays exact
after tensoring with k over A, yielding K ⊗A k = 0. But this contradicts Nakayama’s lemma. 
Proposition 7.4.3. Let V be a valuation ring, J ⊆ V an ideal, and A a V / J -algebra satisfying the conditions
(a) and (b) at the beginning of this subsection. Let B be an essentially of ﬁnite type A-algebra, and M a ﬁnitely
generate B-module. If M is V / J -ﬂat, then M is ﬁnitely presented over B.
Proof. Let us ﬁrst prove the proposition in case B = A. Let Σ ⊆ Spec V be the ﬁnite subset as in the
condition (b). By induction with respect to the cardinality of Σ , one has a surjective map f : M ′ → M
from a ﬁnitely presented A-module such that f ⊗V Frac(V /p) for each p ∈ Σ is an isomorphism.
By 7.4.2, the localization of M at each prime ideal of A is ﬁnitely presented, and hence ker( f ) local-
ized at each prime of A is ﬁnitely generated. Since ker( f ) ⊗V Frac(V /p) = 0 for each p ∈ Σ , ker( f ) is
zero at each maximal ideal of A by Nakayama’s lemma, that is, ker( f ) = 0.
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of B is ﬁnitely presented. By an argument similar to that in the proof of 7.3.3, we may reduce the
situation to the case where J = √ J ; as √ J is a prime ideal of V , replacing V by the valuation ring
V /
√
J , we may assume J = 0. Moreover, if B is a localization of B ′ , a ﬁnite type algebra over A,
then one can take a ﬁnitely generated B ′-submodule M ′ of M that generates M over B; hence one
can assume that B is of ﬁnite type, and hence furthermore, a polynomial ring over A, without loss of
generality.
Set B = A[x1, . . . , xm], and consider the ﬁltration {Fd(B)}d0 by degree, that is, Fd(B) ⊆ B is the
A-submodule generated by monomials of degree  d. Let R(B) =⊕d0 Fd(B) be the associated Rees
algebra. For a ﬁnite generating subset T ⊆ M over B , consider the ﬁltration {Fd(M)}d0 on M , where
Fd(M) = Fd(B)T for d  0, and the corresponding R(B)-module R(M) =⊕d0 Fd(M). The R(B)-
module R(M) is ﬁnitely generated, and one can recover M from R(M) as R(M) ⊗R(B) R(B)/(u − 1),
where u ∈ F1(B) is 1 ∈ B placed in degree 1 part. Hence, in particular, it suﬃces to show that R(M)
is ﬁnitely presented over R(B).
Take a ﬁnitely presented graded R(B)-module M ′ and a surjective morphism f : M ′ → R(M) such
that, for any p ∈ Σ , the ﬁber f ⊗V V /p is an isomorphism; here, again, we argue by induction with
respect to the cardinality of Σ . At each degree d  0, f gives a morphism fd between ﬁnitely gen-
erated A-modules, and each Fd(M) is ﬁnitely presented over A (by the ‘B = A’ case proven above).
Hence, as in the ﬁnal part of the proof of 7.4.2, we conclude that ker( fd) = 0 for d 0. 
Corollary 7.4.4. If A is an algebra over a valuation ring V satisfying the conditions (a) and (b), then A ⊗
Frac(V /p) for every prime ideal p ⊆ V is Noetherian.
Proof. Replacing each V /p by V , we only have to show the assertion in the case p = 0. Take any ideal
J ⊆ A⊗V Frac(V ), and consider J ∩ A; since A/ J ∩ A is V -ﬂat, by 7.4.3 (with B = A and J = 0), J ∩ A
is ﬁnitely generated. Since ( J ∩ A)A ⊗V Frac(V ) = J , we are done. 
Corollary 7.4.5. If a V -algebra A satisﬁes the conditions (a) and (b), and J ⊆ A is an ideal, then the henseliza-
tion A′ of A with respect to the J -adic topology also satisﬁes the conditions (a) and (b).
Proof. The condition (a) for A′ is clear. To check (b), let Σ be the image of Spec A/ J → Spec V , which
is a ﬁnite subset of Spec V . For each p ∈ Σ , set Ap = A ⊗V Vp , and let A′p be the henselization of Ap
with respect to the ideal J Ap + pAp . We have the canonical map
A′ −→
∏
p∈Σ
A′p,
which is ind-étale; it is, moreover, faithfully ﬂat, since any maximal ideal m ⊆ A′ extends to a maximal
ideal of A′p , where p is the image of m in Spec V . Hence, to show that each ﬁber of A′ over a prime
ideal in Σ is Noetherian, it suﬃces to show the same for each A′p . Then, by 7.4.4, it suﬃces to
show that the V -algebra A′p satisﬁes the condition (b). But, by the construction of A′p , we know that
all maximal ideals of A′p lie in one ﬁber over Spec V , and that this ﬁber is the henselization of a
Noetherian ring with respect to an ideal, whence the condition (b), as desired. 
Proof of Theorem 7.4.1. (1) By 7.4.3, any a-torsion free ﬁnitely generated B-module is ﬁnitely pre-
sented. Hence B is adhesive. This is also valid if one replaces B by a ﬁnite type B-algebra.
(2) By 7.2.4, it suﬃces to show that the restricted power series ring B〈〈X1, . . . , Xn〉〉 for n  0 is
adhesive. But, since
B〈〈X1, . . . , Xn〉〉/aB〈〈X1, . . . , Xn〉〉 = B/aB[X1, . . . , Xn]
is essentially of ﬁnite type over A, we may replace B〈〈X1, . . . , Xn〉〉 by B , and it is enough to show that
B is adhesive. Let M be an a-torsion free ﬁnitely generated B-module. Since M is V -ﬂat, M/aM is
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presented (note that, in our situation, ‘a-torsion free’ is equivalent to ‘V -ﬂat’). 
8. Counter-examples
8.1. Example 1
Here we give an example of a ring A with two ﬁnitely generated ideals I, J ⊆ A such that A is
both I-adically and J -adically Hausdorff complete but not (I + J )-adically Hausdorff complete:
Let R be a ring with non-zero elements ei (i = 1,2, . . .) such that eie j = 0 whenever i = j and
e2i = ei for each i. Let B = R[[x, y]] (the formal power series ring), and consider the ideal K ⊆ B
consisting of elements of the form
∞∑
i=1
(
xi + yi)ei f i,
where the sequence { f i}i1 of elements in B tends to 0 with respect to the (x, y)-adic topology. We
have K ∩ xnB = xnK and K ∩ ynB = ynK for all n 0, from which we deduce that K is both x-adically
and y-adically closed in B . Hence B/K is both x-adically and y-adically Hausdorff complete, whereas
it is not (x, y)-adically Hausdorff complete, for the element
∞∑
i=1
(
xi + yi)ei
lies in K \ K , where K denotes the closure of K in B with respect to the (x, y)-adic topology.
8.2. Example 2
Here we present an example of a t.u. rigid-Noetherian ring that is not t.u. adhesive
Let V be an a-adically Hausdorff complete valuation ring (a ∈ mV \ {0}). We already know (7.3.2)
that V is t.u. adhesive. Consider the restricted power series ring B = V 〈〈X〉〉 in one variable, and the
subring A ⊆ V 〈〈X〉〉 deﬁned by
A = V + aV 〈〈X〉〉.
Then A is again an a-adically Hausdorff complete ring.
Claim 1. The adic ring A is t.u. rigid-Noetherian.
Indeed, we have A[ 1a ] = B[ 1a ], or more generally,
A〈〈X1, . . . , Xn〉〉
[
1
a
]
= B〈〈X1, . . . , Xn〉〉
[
1
a
]
,
which are Noetherian.
Claim 2. The ring A is not a-adically adhesive.
Consider the ideal
J = XV 〈〈X〉〉 ∩ A
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(cf. 7.1.2).
8.3. Example 3
Finally, let us give an I-adically Hausdorff complete ring A such that A itself is Noetherian outside
I but the restricted power series ring A〈〈X〉〉 is not Noetherian outside I A〈〈X〉〉.
Let k be a ﬁeld, and K/k an extension ﬁeld of k. We shall consider an increasing ﬁltration F0 ⊆
F1 ⊆ F2 ⊆ · · · of K by k-linear subspaces that gives a ﬁltered k-algebra structure on K ; in other words,
the ﬁltration should satisfy:
(1) k ⊆ F0 and Fi · F j ⊆ Fi+ j for i, j  0.
The ﬁltration F• is also assumed to be exhaustive, that is,
(2)
⋃
i0 Fi = K .
Given such a ﬁltration F• and a ∈ K , we denote by ord(a) the smallest non-negative number n such
that a lies in Fn .
In the sequel, we will consider the following conditions for a ﬁltration F• as above:
(a) for any a ∈ K , an lies in Fn for all suﬃciently large n;
(b) F0 = k and each Fn (n 0) is a ﬁnite dimensional k linear space.
Note that the condition (a) is equivalent to the following one: for any a ∈ K , ord(an)/n tends to zero.
Lemma 8.3.1. If the ﬁeld K is countable, then there exists a ﬁltration F• satisfying the conditions (a) and (b).
Proof. Enumerate the elements of K as K = {a1,a2, . . .}. Take a ﬁltration F• satisfying (1) gener-
ated by the following requirement: ai ∈ Fi for i  1 and a ji ∈ F j for j  i  1. Then F• satisﬁes (a)
and (b). 
Suppose we are given a ﬁltration F• of K by k-linear subspaces that satisﬁes (1), (2), and (a). Let
t be an indeterminate, and consider the k[t]-subalgebra A of K [t] deﬁned by
A =
{∑
i0
ait
i
∣∣∣ ai ∈ Fi for any i  0
}
,
and Â the t-adic Hausdorff completion of A. As the ideal tn A consists of polynomials
∑
in ait
i such
that ai ∈ Fi−n , the adic ring Â embeds in the formal power series ring K [[t]] as:
Â =
{∑
i0
ait
i
∣∣∣∣ • n− ord(an) 0 for all n 0• n− ord(an) tends to ∞
}
.
Set B = A[ 1t ] (= K [t, 1t ]) and B̂ = Â[ 1t ]. Consider on B (resp. B̂) the topology such that A (resp. Â) is
an open subring and that the subspace topology on A (resp. Â) is the t-adic topology. We furthermore
set B+ = tK [t] and B̂+ = B̂ ∩ tK [[t]] (the intersection taken inside K ((t))).
Lemma 8.3.2. Every element of B+ (resp. B̂+) is topologically nilpotent.
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∑
iν ait
i such that n − ord(an)
tends to ∞. Since the sum of two topologically nilpotent elements is again topologically nilpotent,
one reduces to monomials in t with coeﬃcients in K and elements in t Â, where the checking is
easy. 
It follows from 8.3.2, in particular, that 1 + B̂+ is a group under multiplication. Since every non-
zero element of B̂ can be written as the product of an element K× , a power of t , and an element of
1+ B̂+ , we deduce:
Lemma 8.3.3. The ring B̂ is a ﬁeld.
To construct the example, we moreover need the following lemma:
Lemma 8.3.4. Let W ⊆ K be a ﬁnite dimensional k-subspace, and c ∈ K an element that is transcendental
over k. Then there exists a positive integer M > 0 such that the following condition is satisﬁed: for any non-
zero polynomial (with the indeterminate u)
ϕ(u) = a1ui1 + a2ui2 + · · · + aruir ,
where i1 < i2 < · · · < ir and a j ∈ W \ {0} for 1 j  r, such that ϕ(c) = 0, we have i2 − i1 < M.
Proof. We may assume that i1 = 0. Let W [c] be the k[c]-submodule of K generated by W ; W [c]
consists of elements of the form P (c), where P = P (u) is a polynomial with coeﬃcients in W . Since
a1 = −ci2 (a2 + · · ·+arcir−i2 ) and a1 ∈ W \ {0}, we have W ∩ ci2W [c] = 0. If we show that there exists
M > 0 such that W ∩ cMW [c] = 0, it follows that i2 < M , which shows the lemma. Since W [c] is a
ﬁnitely generated torsion free k[c]-module, it is a free k[c]-module, and hence ⋂i0 ciW [c] = 0. As
the decreasing sequence
W ∩ W [c] ⊇ W ∩ cW [c] ⊇ W ∩ c2W [c] ⊇ · · ·
is eventually constant, it is eventually zero, from which the claim follows. 
With the preparations as above, we are now going to construct a desired example. We will give a
situation as above such that Â〈〈X〉〉 is not Noetherian outside I = (t); since Â is Noetherian outside
(t) due to 8.3.3, this gives a desired example. Now,
• since B̂ is an extension of K (t) = Frac(A), the map A → Â is ﬂat by (6.2.3);
• Â[X] → Â〈〈X〉〉 is ﬂat due to 6.2.4.
Hence we know that A[X] → Â〈〈X〉〉 is ﬂat. Then, in view of 4.1.1, it suﬃces to construct an example
such that A[X] with the t-adic topology does not satisfy (BT).
Let k be a countable ﬁeld, and K the ﬁeld of rational functions over k with the set of indetermi-
nates c, f1, f2, . . .. Fix a ﬁltration F• on K satisfying (1), (2), (a), and (b) (8.3.1). Let U ⊆ K be the
k-linear subspace with basis c, f i , and ci f i (for all i  1). Consider another ﬁltration F ′• deﬁned by
F ′n =
n∑
i=0
U (i)Fn−i
for n 0, where U (i) denotes the k-span of all i-uple products of elements in U ; this is the smallest
ﬁltration containing F• such that U ⊆ F ′1.
We deﬁne the ring A as above by using the ﬁltration F ′• . Suppose that the polynomial ring A[X]
satisﬁes (BT), and consider the ideal J = (t X − tc) ⊆ A[X]. The elements t(Xi − ci) f i for i  1 lie in J
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all i  1. As this implies
tn
(
Xi−1 + Xi−2c + · · · + ci−1) f i ∈ A[X],
we deduce that
c j f i ∈ F ′n (∗)
whenever 0 < j < i.
We set for d 0:
• Kd = k(c, f1, . . . , fd) (⊆ K );
• Ud = U ∩ Kd;
• U>d = the k-span of f i and ci f i for all i > d.
As Fn is ﬁnite dimensional, we can ﬁx d  0 such that Fn is contained in Kd . Then, deﬁne F ′′• to be
the smallest ﬁltration containing F such that Ud ⊆ F ′′1 ; explicitly,
F ′′m =
m∑
i=0
U (i)d Fm−i
for m  0, where U (i)d is the k-span of all i-uple products of elements in Ud . Each F ′′m is a ﬁnite
dimensional k-linear subspace of K , and we have
F ′n =
n∑
i=0
U (i)
>d F
′′
n−i,
where U (i)
>d is, as before, the k-span of all i-uple products of elements in U>d .
Now we look at the condition (∗) above; it means that c j f i can be written as a polynomial of fk
and ck fk for k > d with coeﬃcients in Kd . Comparing the coeﬃcients of f i for i > d (and 0 < j < i),
one ﬁnds that
c j = S + T ci,
where S, T ∈ W := F ′′n−1. Take a positive integer M > 0 as in 8.3.4, and i, j such that j, i − j > M .
Then we must have S = 0, and then have T = 0, contradiction.
Remark 8.3.5. Notice that the above ring A, which is clearly Noetherian outside I = (t), also gives
an example of pseudo-adhesive rings that are not universally pseudo-adhesive; indeed, since Â is
Noetherian outside I = (t), it satisﬁes (BT) (5.1.2), and hence A satisﬁes (BT) by 4.1.1; but, as we have
seen, the polynomial ring A[X] does not satisfy (BT).
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